An interface description and numerical simulations of a TDGL equation (based on model A) are used for the first time to investigate the intra-surface kinetics of phase ordering on toroidal and corrugated surfaces. The dynamics depends strongly on the local Gaussian curvature of the surface. We show that on corrugated surfaces it can be fundamentally different from that in flat systems: Dynamical scaling breaks down despite the persistence of the dominant interfacial undulation mode; growth laws are slower than t 1/2 and even logarithmic. Criteria for the existence of metastable states are derived.
Many two-dimensional surfaces exhibit internal degrees of freedom which allow for phase-ordering or phaseseparation to occur within the static or dynamic surface [1, 2] . An understanding of the interaction between surface shape and internal pattern-formation is, however, still lacking. Most of the theoretical work in this area has been limited to equilibrium models which must assume the domains are already formed (see for instance [3] ). Typically they make use of a bilinear coupling between the intra-membrane order-parameter and the local geometry (mean curvature) of the surface. When kinetics is considered, one obtains a dynamical equation of state similar to that of the Random-Field Ising model (RFIM), but where the external field shows long-range correlations, as in [4] . Recently, some researchers have done simulations to investigate shape-change in surfaces made of two types of lipids [5, 6] .
Here, we report novel results of a grounds-up study of relaxational pattern-formation occurring within static two-dimensional surfaces, using model A [7] as a starting point, without any explicit coupling to the local geometry other than through diffusion [8] . We first recall the basic dynamical equation for the order-parameter and the interface velocity, discuss how the local Gauss curvature of the surface affects interface evolution, and finally discuss simulation results of the TDGL equation on corrugated surfaces. The analytical and numerical details of the work will be published in a longer article, but can also be found in [9] .
It was shown in [8] that on curved surfaces, the equation for model A kinetics must be written as
where M and ξ are positive phenomenological constants, t is time and φ is the intra-surface order-parameter, while ∇ 2 LB is the Laplace-Beltrami operator. We refer to Eq. (1) as the Non-Euclidean model A (NEMA) equation. From this was derived a Non-Euclidean interface velocity (NEIV) equation for interfaces on curved surfaces,
where ν is the local interface velocity and K g the local geodesic curvature of the interface on the surface. Equation (2) reduces to the well-known Allen-Cahn equation in the Euclidean limit [10] . Since numerical integration of the bulk equation (1) is either impractically slow (explicit methods) or too cumbersome to implement (implicit methods), we developed an interface description based on Eq. (2), allowing for numerical simulations to run 50 -100 times faster than the bulk simulations of Eq. (1), with better accuracy. This factor rapidly increases with the system area, and should be generalizable to more complex models (such as model B on curved surfaces).
The NEIV equation can be misleading as it suggests that NEMA dynamics should always be slower than Euclidean dynamics: K g is always less than or equal to the interface curvature in three-dimensional space. However diffusion occurs faster (slower) in regions of negative (positive) surface Gaussian curvature K G . This suggests that interfaces arising from the NEMA equation should disappear more slowly where K G > 0, but faster where K G < 0. Yet, no dependence whatsoever on Gaussian curvature was found in [8] , where the λ structure factor was used to measure order.
An ovoid interface was therefore simulated in the K G > 0 region of the torus manifold, another in the K G < 0 region and again in a flat system. shows a log-log plot of −dL/dt as a function of 1/L, with L(t) the time-dependent length of interface in the system. The flat system shows a straight line, as expected. Differences as large as a factor of two can be seen at early times, corresponding to large domains (roughly 20% of system area), and remain substantial until the domains are very small. This suggests that the absence of visible non-Euclidean effects reported in [8] could be a characteristic of the lambda structure factor, i.e. a global topological effect. The difficulty in interpreting Eq. (2) is due to the locality of ν and K g , whereas what drives the interfaces is a diminution of the quantity, or length, of interface. This is no longer mathematically obvious from Eq. (1) or even Eq. (2), but can be shown by deriving a geometric equation for the interface [9] . It takes the form
where √ g is an element of length along an interface. The subscript α indicates the time-derivative is taken at constant α, the length parameter along the interface. The interface length is hence L = √ gdα, so that if Eq. (2) is true, i.e. ν is proportional to K g , dL/dt is negative at all times.
The above simulation result can be understood analytically with the help of Eq. (3) and by assuming a surface of constant Gaussian curvature (i.e., a hyperbolic plane). In this case, a circular domain remains circular, i.e. the geodesic curvature is the same everywhere along the interface. Integrating both sides of Eq. (3) then yields −dL/dt ∼ LK 2 g , where K g is a function of both time and L. The constancy of the Gaussian curvature allows one to write, when
providing a qualitative explanation of Fig. 1 . Given the physical origin of the influence of K G on domain growth in NEMA, much the same can be expected in non-Euclidean model B as well as in other systems where diffusion and interfaces are present on curved surfaces. This slow-down for positive K G was not observed in numerical simulations of pure model B on the static sphere [5] , because of the short runtimes used. However, similar (though not identical) Gaussian curvature effects were seen in simulations of crystal growth on toroidal geometries [2] . In the context of phase-ordering kinetics and phase-separation in lipid bilayers, where diffusion is known to play a very important role biologically, this K G dependency could be of use in controlling the rate of such processes as protein diffusion and membrane shape change.
When the initial order-parameter configuration is one of complete disorder, the non-linear regime of Euclidean model A is characterized by the relatively slow motion of sharp, convoluted interfaces delimiting domains of φ = ±1 phases. There are two characteristics of Euclidean model A dynamics which are particularly important here. First is the self-similarity of the dynamics, leading to dynamical scaling: system configurations at a time t 1 look statistically identical to configurations at an earlier time t 0 , if they are rescaled lengthwise by an appropriate factor. Hence all dynamical lengths in the system have the same time-dependence, so that they can all be expressed in terms of one arbitrarily chosen reference length-scale L(t). The numerical value of L is not as important as its time-dependence, which is the second characteristic of relevance: L(t) ∼ t 1/2 . It is common to refer to L as a dominant or typical lengthscale in the dynamics, but the order-parameter structure factor for Euclidean model A systems shows a peak at zero wavenumber, indicating model A dynamics does not have a dominant length-scale, only a unique timedependency for all dynamical lengths. We have shown for the first time [9] , by considering the curvature correlations along the interface, that model A systems exhibit a dominant undulation mode not present in the order-parameter structure factor. Its wavenumber can be related to the dominant dynamical length for model A, suggesting it has a different nature than that of Euclidean model B.
Now consider a surface consisting of a large array of bumps:
Experimentally, fluid as well as crystalline lipid bilayers are known to take a similar shape (called "egg-carton") under certain conditions [11] . Also, more complex surfaces such as self-affine surfaces common to fluctuating lipid bilayer membranes share the same qualitative features as Eq. (5).
Simulations of NEMA on sinusoid surfaces, starting with random initial order-parameter configurations, were done for several values of A and λ, but here we focus on the λ = 20, A/λ = 0.2 surface, for system sizes of 100 × 100 to 300 × 300.
The normalized geodesic curvature autocorrelation function (GCAF) is defined by
where . . . is equal to an ensemble average with an average over s 0 . It is plotted in Fig. 2 , where the horizontal axis has been rescaled with L(t), defined here as first zero of the GCAF. In flat systems, we find for the first time [9] that all such GCAF's fall on top of one another, due to dynamical scaling. Figure 2 thus shows that for the non-Euclidean case, dynamical scaling breaks down, as expected from Eq. (2). The other important feature is that the dominant interface undulation mode decreases in intensity, signifying the system's degree of order decreases as the interfaces explore ever larger length-scales. These two features show that the presence of a dominant dynamical length does not guaranty dynamical scaling. Figure 2 also indicates that the first zero of the GCAF can no longer be used as a reference dynamical length. Two well-defined dynamical lengths valid for interfaces on curved surfaces are the variance of the Gaussian part of the GCAF, and the interface density. Though the GCAF remains Gaussian on short length-scales, the timedependence of its variance is no longer a t 1/2 powerlaw [9] , but logarithmic. This is shown in the inset graph to Fig. 2 , where linear regression gives σ 2 ≃ (63±3) log 10 (t/t 0 ), with t 0 = 6±2. This logarithmic time-dependence is not a universal feature, as sinusoid surfaces with smaller values of A/λ showed power-law growth (slower than t 1/2 ). It seems likely that sub-logarithmic growth law will be seen for larger A/λ.
While the variance is a short-length-scale characteristic of the dynamics, the interface density is more sensitive to large-length-scale features. It is defined as l(t) ≡ L(t)/A s , where L(t) is the total length of interfaces at time t and A s is the system area (constant in time) over which the interfaces are dispersed. Measurements of l(t) for the sinusoid surface were done and compared with those in flat systems of various sizes. This is shown in Fig. 3 , where −d(ln l)/dt is plotted as a function of 1/l 2 . This scale produces one unique curve for all flat systems. The most interesting aspect of this plot is the clear signature of a larger deceleration rate than in Euclidean systems, and a very late time regime, where the dynamics is extremely slow. This starts at times of roughly 2000, independent of system size and discretization. Real-time animation of moving interfaces in this regime shows that the geodesic curvature is zero almost everywhere, but not in sufficiently many places to completely halt the dynamics. The interfaces, which waver between the bumps, are very slowly hopping the bumps one by one.
Corrugated surfaces (such as given by Eq. (5)) allow for local minima to appear in the configuration space of interfaces and therefore to trap the latter in metastable states, because Eq. (3) implies that NEMA interfaces can only decrease their length. The simplest example of this would be an ovoid interface circumventing two bumps on the sinusoid surface. Using simple geometrical considerations, we show in [9] that an interface in such a configuration can only get trapped if the ratio of the amplitude A of the bumps to their "wavelength" λ satisfies A λ 0.34.
This was tested numerically for fixed λ = 40. Simulations give a threshold of roughly 0.42. This is an error of 20%, surprisingly good considering that the approximation uses a one-dimensional projection of the interface on the surface: it is not unusual for the presence of a second dimension to give a system more freedom, thereby softening constraints such as Eq. (7). More relevant to the simulation results of NEMA on the sinusoid surface (5) is an interface circumventing four bumps. In this case the threshold decreases to 0.24, with simulations giving 0.270±0.006. The proximity of A/λ = 0.2 to this threshold explains the existence of the very late-stage, extremely slow regime evidenced on Fig. 3 .
The metastability thresholds can be generalized to more complex surfaces. For instance, lipid bilayer membranes are usually characterized by their bending rigidity κ. Such membranes form random self-affine surfaces whose average square width W 2 is given by [12] 
where L s is the size of the membrane as projected on the xy plane. The amplitude A can be approximated by the width W for a given size, while the wavelength λ can be approximated by L s . As a consequence of Eq. (7), phase-ordering may not occur at all if κ k B T /10, as in this case Eq. (7) is satisfied on all length-scales L s . As κ is decreased towards k B T /10, the NEMA dynamics should gradually slow down. When κ < k B T /10, domains might still form but freeze in their early disordered state.
For real systems the hopping condition on κ is not likely to be as simple, as for such small values of κ the surface tension σ will usually be non-negligible. The main difference is that the threshold involves κ, σ and the length-scale of interest, without introducing any new difficulty. This suggests that domains could order for some time, until their dominant interface undulation length becomes larger than a certain threshold value.
In flat systems, it was shown [13] that model A exhibits a zero-temperature strong-coupling fixed point. The existence of metastable interface configurations on corrugated surfaces implies that thermal noise changes the quality of the dynamics once the domain interface undulations are on the same scale as the surface corrugations, thereby eliminating the fixed point. Consequently, in the very late-stage (i.e. extremely slow) regime observed on sinusoid surfaces, interfaces will move predominantly via thermally-activated hopping. Similar conclusions are valid for model B. Effect of thermal noise needs to be carefully considered.
In summary, the NEMA forms the basis for the more complex, RFIM-like models used in some lipid membrane and related surface problems. RFIM systems exhibit decelerated growth in the form of logarithmic growth laws of various kinds. Here we have shown how model A on curved surfaces exhibit similar richness of dynamics without a bilinear coupling to the surface: (i) the time-dependence of the amount of interface is strongly affected by the local Gaussian curvature of the surface, (ii) different dynamical lengths have different and possibly logarithmic time-dependencies leading to the breakdown of dynamical scaling without the disappearance of the dominant interface undulation mode, and (iii) metastable states exist above a threshold value of A/λ, leading to thermally activated hopping in the new very late-stage regime. A more systematic study of the effect of K G as well as a better quantitative understanding of the observed time-dependencies and experimental methods to obtain the dominant interface undulation mode would be useful.
